Abstract. It was proved by H. Whitney in 1933 that it is possible to mark a point in all curves in a continuous way. The main result of this paper extends the Whitney theorem to dimensions 2 and 3. Namely, we prove that it is possible to choose a point continuously in all two-dimensional surfaces sufficiently close to a given surface, and in all 3-manifolds sufficiently close to a given 3-manifold.
Introduction
It was proved by H. Whitney in 1933 [24] that it is possible to mark a point in all curves in a continuous way. The main result of this paper extends the Whitney theorem to dimensions 2 and 3. To be precise we prove that it is possible to choose a point continuously in all two-dimensional surfaces sufficiently close to a given surface, and in all 3-manifolds sufficiently close to a given 3-manifold. On the other hand this theorem fails for dimensions greater than 4. In dimension 4 the question is an open problem.
The main tool used by Whitney is Whitney function. This function produces a simultaneous parameterization of curves also known as the Morse parameterization. E.V. Shchepin conjectured that the analog of the Morse parameterization exists in dimensions less than 5. The results of this paper count in favor of Shchepin's Conjecture in dimensions 2 and 3.
Under the space [M] of all manifolds of a given topological type we mean the space of all closed subsets of a Hilbert cube which are homeomorphic to the given manifold M equipped with Freshet topology. Let us denote by [M, pt] the space of all marked manifolds of the type M. Then there is a natural mapping p : [M, pt] → [M] which is the universal Serre fibration with fiber M. And continuous choice of a point means continuous section in this fibration. That is why we will speak later on the sections of Serre fibrations only. Now we can formulate
Shchepin's Conjecture. A Serre fibration with a locally arcwise connected metric base is locally trivial if it has a low-dimensional (of dimension n ≤ 4) compact manifold as a constant fiber.
In dimension n = 1 the Shchepin's Conjecture is proved even for non-compact fibers [20] . Shchepin has proved [21] , [8] that positive solution of this Conjecture in dimension n implies positive solutions of both CE-problem and Homeomorphism Group problem in dimension n. Since CE-problem was solved in a negative way by A.N. Dranishnikov, there are dimensional restrictions in Shchepin's Conjecture.
In dimension n = 2 we generalize the main result from [3] .
Theorem 4.3. Let p : E → B be a Serre fibration of LC 0 -compacta with a constant fiber which is a compact two-dimensional manifold. If B ∈ ANR, then any section of p over closed subset A ⊂ B can be extended to a section of p over some neighborhood of A.
In dimension n = 3 we consider topologically regular mappings. Note that if the Poincare Conjecture is true, then any Serre fibration of LC 2 -compacta with a constant fiber which is a compact 3-manifold is topologically regular [12] . Theorem 5.3. Let p : E → B be a topologically regular mapping of compacta with fibers homeomorphic to a 3-dimensional manifold. If B ∈ ANR, then any section of p over closed subset A ⊂ B can be extended to a section of p over some neighborhood of A.
Also we prove two theorems on global sections in Serre fibrations.
Theorem 4.8. Let p : E → B be a Serre fibration of LC 0 -compactum E onto an ANR-compactum B with a constant fiber which is a connected twodimensional compact manifold M not homeomorphic to the sphere or the projective plane. Then p admits a global section if either of the following conditions hold:
(a) π 1 (M) is abelian and H 2 (B; π 1 (F b )) = 0 (b) π 1 (M) is non-abelian, M is not homeomorphic to the Klein bottle and π 1 (B) = 0. (c) M is homeomorphic to the Klein bottle and π 1 (B) = π 2 (B) = 0.
Theorem 5.4. Let p : E → B be topologically regular mapping of compacta with fibers homeomorphic to some compact connected 3-dimensional manifold M. If B is ANR-space, then p admits a global section if either of the following conditions hold:
(a) π 1 (M) is abelian, M is aspheric, and H 2 (B; π 1 (F b )) = 0 (b) M is closed hyperbolic 3-manifold and π 1 (B) = 0. (c) M is closed, irreducible, sufficiently large, contains no embedded RP 2 having a trivial normal bundle, and π 1 (B) = π 2 (B) = 0.
Let us recall some definitions and introduce our notations. All spaces will be separable metrizable. If not otherwise stated, by mapping we mean continuous single-valued mapping. We equip the product X × Y with the metric dist X×Y ((x, y), (x ′ , y ′ )) = dist X (x, x ′ ) + dist Y (y, y ′ ).
By O(x, ε) we denote the open ε-neighborhood of the point x.
A multivalued mapping
A multivalued mapping G : X → Y is called complete if all sets {x} × G(x) are closed with respect to some G δ -set S ⊂ X × Y containing the graph of this mapping. A multivalued mapping
A compact mapping is an upper semicontinuous multivalued mapping with compact images of points.
An increasing 1 sequence (finite or infinite) of subspaces
We say that a filtration of multivalued mappings G i : X → Y is complete (resp. compact) if every mapping G i is complete (resp. compact).
Local properties of multivalued mappings
Let γ be a property of a topological space such that every open subset inherits this property: if a space X satisfies γ, then any open subset U ⊂ X also satisfies γ. We say that a space Z satisfies γ locally if every point z ∈ Z has a neighborhood with this property.
For a multivalued map F : X → Y to satisfy γ locally we not only require that every point-image F (x) has this property locally, but for any points x ∈ X and y ∈ F (x) there exist a neighborhood W of y in Y and U of x in X such that W ∩ F (x ′ ) satisfies γ for every point x ′ ∈ U. And we use the word "equi" for local properties of multivalued maps.
First example of such property is the local compactness.
Definition 2.1. A space X is called locally compact if every point x ∈ X has a compact neighborhood. We say that a multivalued map F : X → Y is equi locally compact if for any points x ∈ X and y ∈ F (x) there exists a neighborhood W of y in Y and U of x in X such that W ∩ F (x ′ ) is compact for every point
Another local property we are going to use is the hereditary asphericity. This property is important in Geometric Topology (see [5] ) and we will use the fact (which is easy to prove) that the 2-dimensional Euclidean space is hereditary aspheric. Recall that a compactum K is called approximately aspheric if for any (equivalently, for some) embedding of K into an ANR-space Y every neighborhood U of K in Y contains a neighborhood V with the following property: any mapping of the sphere S n into V is homotopically trivial in U provided n ≥ 2.
Definition 2.2. We call a space Z hereditarily aspheric if any compactum K ⊂ Z is approximately aspheric. A space Z is said to be locally hereditarily aspheric if any point z ∈ Z has a hereditarily aspheric neighborhood.
Note that any 2-dimensional manifold is locally hereditarily aspheric. Since 3-dimensional Euclidean space is not hereditarily aspheric, we introduce a new property called hereditarily coconnected asphericity to apply our technique to 3-dimensional manifolds. Definition 2.3. We call a space Z hereditarily coconnectedly aspheric if any non-separating compactum K ⊂ Z is approximately aspheric.
A space Z is said to be locally hereditarily coconnectedly aspheric if any point z ∈ Z has a hereditarily coconnectedly aspheric neighborhood.
Very important example of hereditarily coconnectedly aspheric space is Euclidean 3-space [8] . Therefore, any 3-dimensional manifold is locally hereditarily coconnectedly aspheric. Definition 2.4. We say that a multivalued map F : X → Y is equi locally hereditarily (coconnectedly) aspheric if for any points x ∈ X and y ∈ F (x) there exists a neighborhood W of y in Y and U of x in X such that W ∩ F (x ′ ) is hereditarily (coconnectedly) aspheric for every point x ′ ∈ U.
Now we consider different properties of pairs of spaces and define the corresponding local properties for spaces and multivalued maps. We follow definitions and notations from [9] . x ∈ X and y ∈ F (x) and for any neighbourhood V of y in Y there exist neighbourhoods W of y in Y and
For example, if W αV means that W is contractible in V , then locally of type α means locally contractible. Another topological property which arises in this manner is LC n (where W αV means that every continuous mapping of the nsphere into W is homotopic to a constant mapping in V ) and the corresponding lower α-continuity of multivalued map is called lower (n + 1)-continuity. For the special case n = −1 the property W αV means that V is non-empty, and lower α-continuity is the lower semicontinuity.
The following result is weaker than Lemma 3.5 from [4] . We will use it with different properties α in Sections 4 and 5. 
In order to use results from [22] we need a local property called polyhedral n-connectedness. A pair of spaces V ⊂ U is called polyhedrally n-connected if for any finite n-dimensional polyhedron M and its closed subpolyhedron A any mapping of A in V can be extended to a map of M into U. Note that for spaces being locally polyhedrally n-connected is equivalent to be LC n−1 (it follows from Lemma 2.8). The corresponding local property for multivalued map is called polyhedral lower n-continuity. Lemma 2.8. Any lower n-continuous multivalued mapping is lower polyhedrally n-continuous.
Proof. The proof easely follows from the fact that in connected filtration Z 0 ⊂ Z 1 ⊂ · · · ⊂ Z n of spaces the pair Z 0 ⊂ Z n is polyhedrally n-connected. Given a mapping f : A → Z 0 of subpolyhedron A of n-dimensional polyhedron P , we extend it successively over skeleta P (k) of P such that the image of k-dimensional skeleton P (k) is contained in Z k . Resulting map gives us an extension f : P → Z n of f which proves that the pair Z 0 ⊂ Z n is polyhedrally n-connected.
A filtration of multivalued maps {F i } is called polyhedrally connected if every pair We say that a subset A of a space Z is coconnected if the complement Z \ A is connected. The following definition extends this property to pairs. If a pair G 0 ⊂ G 1 of proper subsets of a space Z is coconnected, then we can define an operation of coconnectification on subsets of G 0 as follows: for a subset F 0 ⊂ G 0 its coconnectification is the union of F 0 and all components of Z \ F 0 which do not intersect Z \ G 1 . Clearly, for a connected space Z the coconnectification of F 0 is the minimal subset
Definition 2.12. A multivalued mapping F : X → Y is called lower coconnected if for any points x ∈ X and y ∈ F (x) and for any sufficiently small
If a multivalued mapping F : X → Y contains proper submappings G 0 and G 1 such that for any x ∈ X the pair G 0 (x) ⊂ G 1 (x) is coconnected in F (x), then for any submapping F 0 ⊂ G 0 we define a coconnectification of F 0 as a multivalued mapping taking a point x ∈ X to the coconnectification of
Lemma 2.13. Suppose that lower 1-continuous multivalued mapping
Proof. Since the coconnectification of the set F 0 (x) is closed in F (x) and is contained in G 1 (x), the set F 1 (x) is compact.
Let us prove that F 1 is u.s.c. Suppose that for some point
of point converging to y such that y i belongs to a set
The points y and z belong to connected set F (x) \ F 1 (x) which is open in F (x) and therefore is locally path connected (since F (x) ∈ LC 0 ). Hence, there exists a path s :
Using lower 1-continuity of the mapping F we can choose a sequence of maps
Since the path s does not intersect the fiber F 0 (x) and F 0 is u.s.c., all but the finite number of paths s i do not intersect the fibers of F 0 . It means that the points y i and z i belong to the same connected component of the set F (x i ) \ F 0 (x i ), which contradicts to the choices of y i and z i . Definition 2.14. The mapping f : X → Y is said to be topologically regular provided that if ε > 0 and y ∈ Y , then there is a positive number δ such that dist(y, y ′ ) < δ, y ′ ∈ Y , implies that there is a homeomorphism of f −1 (y) onto f −1 (y ′ ) which moves no point as much as ε (i.e. an ε-homeomorphism).
Note that if the Poincare Conjecture is true, then any Serre fibration f : X → Y of LC 2 -compacta with a constant fiber which is a compact three-dimensional manifold is topologically regular [12] .
Lemma 2.15. If p : E → B is a topologically regular mapping of compacta with fibers homeomorphic to some connected 3-dimensional manifold, then the multivalued mapping
Proof. Clearly, we can identify the graph of p −1 with the space E and the projection of Γ p −1 onto B with p. Fix a point q ∈ E and ε > 0. We will find δ > 0 such that for any point x ∈ p(O(q, δ)) there exist subsets D 3 and O 3 of the fiber p −1 (x) such that is homeomorphic to R 3 and is contained in
q . Choose a positive number δ < σ/2 such that for any point x ∈ O(p(q), δ) there exists σ/2-homeomorphism of the fiber p −1 (p(q)) onto p −1 (x). Now take a point x ∈ p(O(q, δ)) and fix σ/2-homeomorphism h of the fiber p
Singlevalued approximations
In this Section we prove filtered finite dimensional approximation theorem (Theorem 3.13) and then apply it in a usual way (compare [11] ) to prove an approximation theorem for maps of ANR-spaces. Since we are going to use singular filtrations of multivalued maps instead of usual filtrations, our Theorem 3.13 generalizes the Filtered approximation theorem proved in [22] . But the proof of our singular version of filtered approximation theorem in full generality requires a lot of technical details to establish. So, we decided to prove precisely the version that we need -for compact maps of metric spaces.
Let us introduce a notion of singular filtration. 
is given where Z i is a space and φ i : Z i → Z i+1 is a map (we identify Z n+1 with Z).
For a multivalued map F : X → Y it is useful to consider its graph fibers {x} × F (x) ⊂ Γ F instead of usual fibers F (x) ⊂ Y . While the graph fibers are always homeomorphic to the usual fibers, different graph fibers do not intersect (the usual fibers may intersect in Y ). We denote the graph fiber of the map F over a point x ∈ X by F Γ (x). To define the notion of singular filtration for multivalued maps we introduce a notion of fiberwise transformation of multivalued maps. Definition 3.2. For multivalued mappings F and G of a space X a fiberwise transformation from F to G is a continuous mapping T :
for every x ∈ X. A fiber T (x) of the fiberwise transformation T over the point x ∈ X is a mapping T (x) :
We say that a multivalued mapping F : X → Y contains a singular filtration of multivalued maps if a finite sequence of pairs {(F i , T i )} n i=0 is given where F i : X → Y i is a multivalued mapping and T i is a fiberwise transformation from F i to F i+1 (we identify F n+1 with F ).
To construct continuous approximations of multivalued maps we need the notion of approximate asphericity.
The following is a singular version of approximate asphericity. 
Following R.C. Lacher [16] , one can prove that this notion does not depend on the choices of ANR-spaces Z and Z ′ and on the embeddings of K and K ′ into these spaces.
Clearly, a singular pair of compacta (K, φ, K ′ ) is approximately n-aspheric in either of the following three situations:
is said to be approximately ∞-connected if the mapping F n has approximately k-aspheric point-images F n (x) for all k ≥ n and all x ∈ X.
Note that if a singular filtration
is approximately ∞-connected, then the mapping F n contains an approximately connected singular filtration of any given finite length.
We will reduce our study of singular filtrations to the study of usual filtrations using the following cylinder construction.
∞ -mapping.
Remark 3.9. Suppose that X is embedded into Banach space B 1 and Y is embedded into Banach space B 2 . Then we can naturally embed the cylinder cyl(f ) into the product B 1 × R × B 2 . The embedding is clearly defined on the top as embedding into B 1 × {0} × {0} and on the bottom as embedding into {0} × {1} × B 2 . We extend these embeddings to the whole cylinder by sending its point {x} × {t} to the point
Proof. Let us fix embeddings of K into Banach space B 1 , of K ′ into Banach space B 2 , and of the cylinder cyl(φ) into the product B = B 1 × R × B 2 as described in Remark 3.9. Fix a neighborhood U of cyl(φ) in B. Extend the mapping φ to a map φ 1 : B 1 → B 2 . Take a neighborhood V 1 of the top of our cylinder in B 1 such that the cylinder cyl(φ 1 | V 1 ) is contained in U. Using approximate n-asphericity of the pair (K, φ, K ′ ) we find for a neighborhood
Given a spheroid f : S n → V we retract it into V ′ × {0} × {0}, then retract it to the bottom of the cylinder cyl(φ 1 | V 1 ) using Remark 3.8, and finally contract it to a point inside U ∩ {0} × {1} × B 2 . Clearly, the whole retraction sits inside U, as required. 
we can define a cylinder cyl(F ) as a filtration of multivalued maps {F i } n i=0 defined as follows:
It is easy to see that for a singular filtration F = {(F i , T i )} n i=0 of compact mappings F i the filtration cyl(F ) consists of compact mappings F i . Proof. Using Remark 3.8 it is easy to define a deformation retraction r :
is approximately i-aspheric, and by Pairs Mapping Lemma from [22] the pair For every point x ∈ X take open neighborhoods O x ⊂ X of the point x and V x ⊂ X of the compactum F (x) such that the product O x × V x is contained in U. Using upper semicontinuity of F we can choose O x so small that the following inclusion holds:
Fix an open covering ω 1 of the space X which is starlike refinement of {O x } x∈X . Let ω 2 be a locally finite open covering of the space X which is starlike refined into ω 1 .
There exist a locally finite simplicial complex L and mappings r : X → L and j : L → X such that the map j • r is ω 2 -close to id X [14] . Fix a finite subcomplex N ⊂ L containing the compact set r(K). Define a compact mapping Ψ : N → Y by the formula Ψ = F •j. Clearly, the mapping Ψ admits a compact approximately connected singular filtration of any length (particularly, of the length dim N). Let us define a neighborhood W of the graph Γ Ψ . For every point q ∈ N we put W(q) = {U(y) | y ∈ st ω 1 (St ω 2 (j(q)))}.
By St ω 2 (j(q)), we denote the star of the point j(q) with respect to the covering ω 2 . And by st(A, ω), we denote the set {U ∈ ω | A ⊂ U}.
By Theorem 3.13 there exists a single-valued continuous mapping ψ :
That is, the graph of f is contained in U.
Fibrations with 2-manifold fibers
Our strategy of constructing a section of a Serre fibration is as follows. We consider the inverse (multivalued) mapping and find its compact submapping admitting continuous approximations. Then we take very close continuous approximation and use it to find again a compact submapping with small diameters of fibers admitting continuous approximations. When we continue this process we get a sequence of compact submappings with diameters of fibers tending to zero. This sequence will converge to the desired singlevalued submapping (selection). 
′ admits a compact approximately ∞-connected filtration, and calΨ ′ < ε.
Proof. Fix a positive number ε. Apply Lemma 2.7 with α being equi local hereditary asphericity to get a positive number ε 2 < ε/4. By Lemma 2.8 the mapping F is lower polyhedrally 2-continuous. Subsequently applying Lemma 2.7 with α being polyhedral n-continuity for n = 2, 1, 0, we find positive numbers ε 1 , ε 0 , and δ such that δ < ε 0 < ε 1 < ε 2 and for every point ( 
Since the set ∪ x∈OK {{x} × O(f ′ (x), ε i )} is open in the product OK × Y and the mapping F is complete, then G i is also complete. Clearly, calG 2 < 2ε 2 < ε and for any point x ∈ K the set G Γ 2 (x) is contained in O(Γ Ψ , ε). Now, applying Lemma 2.9 to the filtration G 0 ⊂ G 1 ⊂ G 2 , we obtain a compact approximately connected subfiltration F 0 ⊂ F 1 ⊂ F 2 : OK → Y . By the choice of ε 2 the mapping F 2 has approximately aspheric point-images. Therefore, the filtration 
, Ψ 1 admits a compact approximately ∞-connected filtration, and calΨ 1 < ε. Since X is locally compact and A is compact, there exists a compact neighborhood OA of A such that OA ⊂ U 1 . By Theorem 3.14 the mapping Ψ 1 | OA admits continuous approximations. Take ε 1 < ε such that the neighborhood
Now by induction with the use of Lemma 4.1, we construct a sequence of neighborhoods U 1 ⊃ U 2 ⊃ U 3 ⊃ . . . of the compactum OA, a sequence of compact submappings
of the mapping F , and a sequence of neighborhoods U k = O(Γ Ψ 1 (OA), ε k ) such that for every k ≥ 2 we have calΨ k < ε k−1 /2 < ε/2 k , and
It is not difficult to choose the neighborhood U k of the graph Γ Ψ k in such a way that for every point x ∈ U k the set U k (x) has diameter less than 
Proof. Let s :
A → E be a section of p over A. Embed E into Hilbert space l 2 and consider a multivalued mapping F : B → l 2 defined as follows:
Since every fiber p −1 (b) is compact, the mapping F is complete. By Lemma 2.10 the mapping F is equi locally hereditarily aspheric and lower 2-continuous. We can apply Theorem 4.2 to the mapping F and its submapping s to find a singlevalued continuous selection s : OA → l 2 of F | OA . By definition of F , we have s| A = F | A = s. Clearly, s defines a section of the fibration p over OA extending s.
Definition 4.4. For a mapping p : E → B we say that s : B → E is ε-section if the map p • s is ε-close to the identity id B .
The following proposition easily follows from Theorem 4.1 of the paper [18] . We will use the following two statements in the proof of existence of global sections in Serre fibrations. The proof of these two Propositions follows from the Bestvina's construction of Menger manifold [2] and Dranishnikov's triangulation theorem for Menger manifolds [7] . Proposition 4.6. Let X be a compact 2-dimensional Menger manifold. For any ε > 0 there exist a finite polyhedron P and maps g : X → P and h : P → X such that h • g is ε-close to the identity. If π 1 (X) = 0, then we may choose P with π 1 (P ) = 0. Proposition 4.7. Let X be a compact 3-dimensional Menger manifold with π 1 (X) = π 2 (X) = 0. For any ε > 0 there exist a finite polyhedron P with π 1 (P ) = π 2 (P ) = 0 and maps g : X → P and h : P → X such that h • g is ε-close to the identity. Proof. Embed E into the Hilbert space l 2 and consider a multivalued mapping F : B → l 2 defined as F = p −1 . Since every fiber p −1 (b) is compact, the mapping F is complete. It follows from Lemma 2.10 that the mapping F is equi locally hereditarily aspheric and lower 2-continuous. Now we show that F admits a compact singular approximately ∞-connected filtration. In cases (a) and (b) there exists [13] . By Proposition 4.5 there is ε > 0 such that an existence of ε-section for p L implies an existence of a section for p L . In cases (a) and (b), by Proposition 4.6, there exist a 2-dimensional finite polyhedron P and continuous maps g : L → P and h : P → L such that h • g is ε-close to the identity (we assume π 1 (P ) = 0 in case π 1 (B) = 0). In case (c) by Proposition 4.7 there exist a 3-dimensional finite polyhedron P with π 1 (P ) = π 2 (P ) = 0 and continuous maps g : L → P and h : P → L such that h • g is ε-close to the identity.
Consider a locally trivial fibration p P = h * (p L ) : E P → P . Claim. The fibration p P has a section s P .
Proof. (a) If π 1 (M) is abelian and H 2 (B; π 1 (F b )) = 0 = H 2 (P ; π 1 (F b )), the fibration p P has a section s P [23] . (b) Since π 1 (P ) = 0 and dim P = 2, then P is homotopy equivalent to a bouquet of 2-spheres Ω = ∨ m i=1 S 2 i . Let ψ : P → Ω and φ : Ω → P be maps such that φ • ψ is homotopic to the identity id P . The locally trivial fibration over a bouquet p Ω = φ * (p P ) : E Ω → Ω has a global section if and only if it has a section over every sphere of the bouquet. If the fiber M has non-abelian fundamental group and is not homeomorphic to Klein bottle, then the space of autohomeomorphisms Homeo(M) has simply connected identity component [1] and therefore any locally trivial fibration over 2-sphere with fiber homeomorphic to M has a section (in fact, this fibration is trivial). Hence, the fibration p Ω has a section s Ω . This section defines a lifting of the map φ • ψ : P → P with respect to p P . Since p P is a Serre fibration and φ • ψ is homotopic to the identity, the identity mapping id P has a lifting s P : P → E P with respect to p P which is simply a section of p P . (c) Since π 1 (P ) = π 2 (P ) = 0 and dim P = 3, then P is homotopy equivalent to a bouquet of 3-spheres Ω = ∨ m i=1 S 3 i . Let ψ : P → Ω and φ : Ω → P be maps such that φ • ψ is homotopic to the identity id P . The locally trivial fibration over the bouquet p Ω = φ * (p P ) : E Ω → Ω has a global section if and only if it has a section over every sphere of the bouquet. Since the space of autohomeomorphisms of the Klein bottle Homeo(K 2 ) has π 2 (Homeo(K 2 )) = 0 [1] , any locally trivial fibration over 3-sphere with fiber homeomorphic to K 2 has a section (in fact, this fibration is trivial). Hence, the fibration p Ω has a section s Ω . This section defines a lifting of the map φ•ψ : P → P with respect to p P . Since p P is a Serre fibration and φ • ψ is homotopic to the identity, the identity mapping id P has a lifting s P : P → E P with respect to p P which is simply a section of p P .
By the construction of P the section s P defines an ε-section for p L . Therefore, p L has a section s L . Clearly, s L defines a lifting T : L → E of µ with respect to p. Finally, we define compact singular filtration F = {(F i , T i )} 2 i=0 of F as follows:
and T 1 is defined fiberwise by
The filtration F is approximately connected since for i = 0, 1 any compactum F i (x) is UV 1 . And F is approximately ∞-connected since every compactum F (x) is an aspheric 2-manifold (and therefore is approximately n-aspheric for all n ≥ 2). Now we can apply Theorem 4.2 to the mapping F to find a single-valued continuous selection s : B → l 2 of F . Clearly, s defines a section of the fibration p.
The following Remark explains the appearence of the condition (c) in Theorem 4.8.
Remark 4.9. There exists a locally trivial fibration over 2-sphere with fibers homeomorphic to Klein bottle having no global section.
Fibrations with 3-manifold fibers
Our strategy of construction the section here is the same as in Section 4. The only difference is that instead of local hereditary asphericity of fibers we will use local hereditary coconnected asphericity. 
Proof. Fix a positive number ε. Apply Lemma 2.7 with α being equi local compactness to get a positive number ε 4 < ε. Apply Lemma 2.7 with α being equi local hereditary coconnected asphericity to get a positive number ε 3 < ε 4 . Apply Lemma 2.7 with α being lower coconnectedness to get a positive number ε 2 < ε 3 /2. By Lemma 2.8 the mapping F is lower polyhedrally 2-continuous. Subsequently applying Lemma 2.7 with α being polyhedral n-continuity for n = 2, 1, 0, we find positive numbers ε 1 , ε 0 , and δ such that δ < ε 0 < ε 1 < ε 2 and for every point (
is polyhedrally 1-connected, and the intersection O(y, ε 0 ) ∩ F (x) is not empty. Let f : K → Y be a continuous single-valued mapping whose graph is contained in O(Γ Ψ , δ). Let f ′ : OK → Y be a continuous extension of the mapping f over some neighborhood OK such that the graph of f ′ is contained in O(Γ Ψ , δ). Now we can define a polyhedrally connected filtration G 0 ⊂ G 1 ⊂ G 2 : OK → Y of the mapping F | OK by the equality
Since the set ∪ x∈OK {{x} × O(f ′ (x), ε i )} is open in the product OK × Y and the mapping F is complete, then G i is also complete. Clearly, the set G Γ 2 (x) is contained in O(Γ Ψ , 2ε 2 ). Now, applying Lemma 2.9 to the filtration G 0 ⊂ G 1 ⊂ G 2 , we obtain a compact approximately connected subfiltration F 0 ⊂ F 1 ⊂ F 2 : OK → Y . By the choice of ε 2 we can find u.s.c. closed-valued mapping F 3 containing F 2 such that the pair F 2 (x) ⊂ F 3 (x) is coconnected in F (x) for any x ∈ X. By the choice of ε 4 we may assume that F 3 is compact. Using Lemma 2.13 and the choice of ε 3 we find a coconnectification F 4 of F 2 inside F 3 . Then F 4 is compact submapping of F having approximately aspheric pointimages. Therefore, the filtration F 0 ⊂ F 1 ⊂ F 4 is approximately ∞-connected and we can put Ψ ′ = F 4 . 
Now by induction with the use of Lemma 5.1, we construct a sequence of neighborhoods
It is not difficult to choose the neighborhood U k of the graph Γ Ψ k in such a way that for every point x ∈ U k the set U k (x) has diameter less than The mapping s is single-valued by the condition calΨ k < 1 2 k and is upper semicontinuous (and, therefore, is continuous) by the upper semicontinuity of all the mappings Ψ k . Clearly, for any x ∈ OA the point s(x) lies in G(x) and is a limit point of the set F (x). Since F (x) is closed in G(x), then s(x) ∈ F (x), i.e. s is a selection of the mapping F . 
Proof. Let s :
Since every fiber p −1 (b) is compact, the mapping F is complete. It follows from Lemma 2.15 that the mapping F is equi locally hereditarily coconnectedly aspheric, lower coconnected, equi locally compact, and lower 2-continuous. We can apply Theorem 5.2 to the mapping F and its submapping s to find a singlevalued continuous selection s : OA → l 2 of F | OA . By definition of F , we have s| A = F | A = s. Clearly, s defines a section of the fibration p over OA extending s. Proof. Embed E into Hilbert space l 2 and consider a multivalued mapping F : B → l 2 defined as F = p −1 . Since every fiber p −1 (b) is compact, the mapping F is complete. It follows from Lemma 2.15 that the mapping F is equi locally hereditarily coconnectedly aspheric, lower coconnected, equi locally compact, and lower 2-continuous. Now we show that F admits a compact singular approximately ∞-connected filtration. In cases (a) and (b) there exists UV 1 -mapping µ of Menger 2-dimensional manifold L onto B [6] . Note that π 1 (L) = 0 if π 1 (B) = 0. In case (c) we consider UV 2 -mapping µ of Menger 3-dimensional manifold L onto B [6] ; note that π 1 (L) = π 2 (L) = 0 if π 1 (B) = π 2 (B) = 0. Since dim L < ∞, the induced fibration p L = µ * (p) : E L → L is locally trivial [12] . By Proposition 4.5 there is ε > 0 such that an existence of ε-section for p L implies an existence of a section for p L . In cases (a) and (b) by Proposition 4.6 there exist a 2-dimensional finite polyhedron P and continuous maps g : L → P and h : P → L such that h • g is ε-close to the identity (we assume π 1 (P ) = 0 in case π 1 (B) = 0). In case (c) by Proposition 4.7 there exist a 3-dimensional finite polyhedron P with π 1 (P ) = π 2 (P ) = 0 and continuous maps g : L → P and h : P → L such that h • g is ε-close to the identity.
Proof. (a) If π 1 (M) is abelian and H 2 (B; π 1 (F b )) = 0 = H 2 (P ; π 1 (F b )), the fibration p P has a section s P [23] . (b) Since π 1 (P ) = 0 and dim P = 2, then P is homotopy equivalent to a bouquet of 2-spheres Ω = ∨ m i=1 S 2 i . Let ψ : P → Ω and φ : Ω → P be maps such that φ • ψ is homotopic to the identity id P . The locally trivial fibration over a bouquet p Ω = φ * (p P ) : E Ω → Ω has a global section if and only if it has a section over every sphere of the bouquet. For a closed hyperbolic 3-manifold M the space of autohomeomorphisms Homeo(M) has simply connected identity component [10] and therefore any locally trivial fibration over 2-sphere with fiber homeomorphic to M has a section (in fact, this fibration is trivial). Hence, the fibration p Ω has a section s Ω . This section defines a lifting of the map φ • ψ : P → P with respect to p P . Since p P is a Serre fibration and φ • ψ is homotopic to the identity, the identity mapping id P has a lifting s P : P → E P with respect to p P which is simply a section of p P . (c) Since π 1 (P ) = π 2 (P ) = 0 and dim P = 3, then P is homotopy equivalent to a bouquet of 3-spheres Ω = ∨ m i=1 S 3 i . Let ψ : P → Ω and φ : Ω → P be maps such that φ • ψ is homotopic to the identity id P . The locally trivial fibration over the bouquet p Ω = φ * (p P ) : E Ω → Ω has a global section if and only if it has a section over every sphere of the bouquet. Since the space of autohomeomorphisms Homeo(M) in this case has π 2 (Homeo(M)) = 0 [15] , any locally trivial fibration over 3-sphere with fiber homeomorphic to M has a section (in fact, this fibration is trivial). Hence, the fibration p Ω has a section s Ω . This section defines a lifting of the map φ • ψ : P → P with respect to p P . Since p P is a Serre fibration and φ • ψ is homotopic to the identity, the identity mapping id P has a lifting s P : P → E P with respect to p P which is simply a section of p P .
and T 1 is defined fiberwise by T 1 (x) = T | µ −1 (x) : µ −1 (x) → F (x). The filtration F is approximately connected since for i = 0, 1 any compactum F i (x) is UV 1 . And F is approximately ∞-connected since every compactum F (x) is an aspheric 2-manifold (and therefore is approximately n-aspheric for all n ≥ 2). Now we can apply Theorem 5.2 to the mapping F to find a single-valued continuous selection s : B → l 2 of F . Clearly, s defines a section of the fibration p.
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